
GOTTLOB FREGE 
THE FOUNDATIONS OF ARITHMETIC



Gottlob Frege 
(1848–1925)

Life’s work: logicism  
(the reduction of arithmetic to logic). 

This entailed: 

•Inventing (discovering?) modern logic, 
including quantification, variables, etc. 

•Investigating the properties of the language 
in which this logic was spelled out.



Step 1: Begriffsschrift (1879) 

…in which Frege comes up with “classical” logic.

(∀x)(Rx ⊃ (Px ⊃ Qx))



Step 2: Die Grundlagen der Arithmetic (1884) 

…in which Frege proposes his definition of 
number.

3 =df. the extension of the 
concept that is true of 
all triples of things 

(roughly)



Step 3: Die Grundgesetze der Arithmetic  
(1893–1903) 

…in which Frege attempts to derive arithmetic 
from logic



Kant on Analytic Truths

All bachelors are unmarried.

bachelor

unmarried

unmarried manunmarried



Frege on Analytic Truths

An analytic truth is whatever follows by 
deductively valid inferences from purely 

logical axioms and definitions.



The Logicist Project

(1) Formulate a logical system capable of capturing 
the validity of a wide range of valid inferences. 

(2) Give conceptual analyses (definitions) of all of our 
basic mathematical concepts (the numbers, 
addition, subtraction, etc.) in the vocabulary of our 
new logic. 

(3) Formulate some basic logical axioms—self-evident 
logical truths. 

(4) Taking the definitions in (2) and the axioms in (3) 
as premises, use the logical system from (1) to 
prove all of the truths of arithmetic as theorems.



0 =df {s : ¬(∃x)(x∈s)}

0

1 =df {s : (∃x)(x∈s & (∀y)(y∈s ⊃ y=x))}

1

0 is the set of all sets  
containing no members

1 is the set of all sets 
containing a single member



2 is the set of all sets that have 
exactly two members 

=df {s : (∃x)(∃y)(x∈s & y∈s & x≠y 
& (∀z)(z∈s ⊃ (z≠x ⊃ z=y))}

2

3 is the set of all sets containing 
exactly three members 

=df {s : (∃x)(∃y)(∃z)(x∈s & y∈s & 
z∈s  & x≠y & x≠z & y≠z & (∀w)
(w∈s ⊃ (w≠x ⊃ (w≠y ⊃ w=z))))}

3



PEANO POSTULATES 
(1) 0 is a number 

(2) The successor of any number is a number 

(3) No two numbers have the same successor 

(4) 0 is not the successor of any number 

(5) Any property which belongs to 0, and also 
to the successor of every number which 
has the property, belongs to all numbers.



ADDITION 
(i) a + 0 = a 
(ii) a + S(b) = S(a+b)

a + 1    = a + S(0)               (by the def. of 1) 
    = S(a + 0)               (by (ii)) 
    = S(a)                      (by (i))

a + 2    = a + S(1)               (by the def. of 2) 
    = S(a + 1)               (by (ii)) 
    = S(S(a))                 (by the result of a+1)



0 1 2 3
100 101 102 104
1 3 5 7
1 1/2 1/4 1/8

…
…
…
…



The number that belongs to the concept F = 
the number that belongs to the concept G 

iff 

There is a one-to-one correspondence 
between the Fs and the Gs.



0 = the extension of the concept: is 
equinumerous with the concept: is 
not self-identical 

0 = {s : s is equinumerous with {x : x≠x}}



1 = the extension of the concept: is 
equinumerous with the concept: is identical 
to 0 

1 = {s : s is equinumerous with 0} 

1 = {s : s is equinumerous with {{x : x≠x}} }



1 = the extension of the concept: is 
equinumerous with the concept: is identical 
to 0 

1 = {s : s is equinumerous with 0} 

1 = {s : s is equinumerous with {{x : x≠x}} }



2 = the extension of the concept: is 
equinumerous with the concept: is identical 
to 0 or is identical to 1 

2 = {s : s is equinumerous with {x : x=0 ∨ x=1}} 

2 = {s : s is equinumerous with {0, 1}



3 = the extension of the concept: is 
equinumerous with the concept: is identical 
to 0 or is identical to 1 or is identical to 2 

3 = {s : s is equinumerous with {x : x=0 ∨ x=1 ∨ x=2}} 

3 = {s : s is equinumerous with {0, 1, 2}



0 1 2 3 …
…

•Good for counting. 

•Satisfies the Peano postulates, and 
so has the right structure for doing 
higher mathematics.



BERTRAND  
RUSSELL



FREGE’S BASIC LAW 5 
For any concepts, F and G, the extension of F 
is identical to the extension of G if and only 
if for every object a, Fa if and only if Ga.

A CONSEQUENCE/PRESUPPOSITION 
Every concept F has an extension.



UNRESTRICTED COMPREHENSION 
“…for any formula φ(x) containing x as a free 
variable, there will exist the set {x: φ(x)} 
whose members are exactly those objects that 
satisfy φ(x)…” 
—Deutsch and Irvine, ’Russell’s Paradox’, Stanford Encyclopedia of Philosophy



RUSSELL’S PARADOX (v1) 

“Let w be the predicate: to be a predicate 
that cannot be predicated of itself. Can w be 
predicated of itself? From each answer the 
opposite follows. Therefore must conclude 
that w is not a predicate.” 

—Russell,  letter to Frege

(Here, ‘predicate’ means something 
like what Frege means by ‘concept’.)



RUSSELL’S PARADOX (v2) 

“Likewise, there is no class (as a totality) of 
those classes which, each taken as a totality, 
do not belong to themselves.” 

—Russell,  letter to Frege



EXPLOSION 
P∧¬P ⊢ Q 

(1) P∧¬P                       Premise 
(2) P                              1, ∧-elimination 
(3) P∨Q                        2, ∨-introduction 
(4) ¬P                           1, ∧-elimination 
(5) Q                             3, 4, ∨-elimination



“Your discovery of the contradiction caused me 
the greatest surprise and, I would almost say, 
consternation, since it has shaken the basis on 
which I intended to build arithmetic. … It is all 
the more serious since, with the loss of my Rule 
V, not only the foundations of my arithmetic, 
but also the sole possible foundations of 
arithmetic, seem to vanish.” 

—Frege, 1902 Letter to Russell



—Russell, in a letter to Jean 
van Heijenoort, years later



THE LIAR PARADOX 

“Everything any Cretan ever says is a lie.” 
—A Cretan



THE LIAR PARADOX 

“This sentence is false.”



BERRY’S PARADOX 

“…‘the least integer not nameable in fewer 
than nineteen syllables’ must denote a 
definite integer; in fact it denotes 111,777. 
But ‘the least integer not nameable in fewer 
than nineteen syllables’ is itself a name 
consisting of eighteen syllables; hence the 
least integer not nameable in fewer than 
nineteen syllables can be named in eighteen 
syllables, which is a contradiction.” 

—Russell, ‘Mathematical Logic as Based on the Theory of Types’, p.60



Theorem: Every natural number is interesting. 

Proof: “Suppose that not every natural number 
is interesting. Then the set of uninteresting 
natural numbers is non-empty. So by the well- 
ordering property of the natural numbers, it 
must have a smallest element n. But if n is the 
smallest uninteresting natural number, then n is 
interesting for that very reason. Thus we have a 
contradiction, establishing that our original 
hypothesis was false, and that every natural 
number is interesting after all.” 

—John Burgess, ‘Tarski’s Tort’



“the…usual reaction to this bit of adolescent 
mathematical humor is that ‘interesting’ is too 
vague or ambiguous, too subjective or relative, 
a concept to be admissible in mathematical 
reasoning.” 

—John Burgess, ‘Tarski’s Tort’



THE VICIOUS-CIRCLE PRINCIPLE 
“An analysis of the paradoxes to be avoided shows that they 
all result from a kind of vicious circle. The vicious circles in 
question arise from supposing that a collection of objects may 
contain members which can only be defined by means of the 
collection as a whole. Thus, for example, the collection of 
propositions will be supposed to contain a proposition stating 
that “all propositions are either true or false.” It would seem, 
however, that such a statement could not be legitimate unless 
“all propositions” referred to some already definite collection, 
which it cannot do if new propositions are created by 
statements about “all propositions.” We shall, therefore, have 
to say that statements about “all propositions” are 
meaningless.” 

—Whitehead and Russell, Principia Mathematica



THE VICIOUS-CIRCLE PRINCIPLE 
“The principle which enables us to avoid illegitimate 
totalities may be stated as follows: “Whatever involves all of 
a collection must not be one of the collection”; or, 
conversely: “If, provided a certain collection had a total, it 
would have members only definable in terms of that total, 
then the said collection has no total.” We shall call this the 
“vicious-circle principle,” because it enables us to avoid the 
vicious circles involved in the assumption of illegitimate 
totalities.” 

—Whitehead and Russell, Principia Mathematica



THE THEORY OF TYPES (ROUGHLY) 
The world is organized into the following infinite hierarchy: 

Type 0: individuals (things that aren’t sets) 
Type 1: sets of individuals 
Type 2: sets of individuals and type-1 sets 
Type 3: sets of individuals and type-1 or type-2 sets 
Type 4: sets of individuals and sets of types 1–3 
etc.



THE THEORY OF TYPES (ROUGHLY) 
Our languages organized into a hierarchy: 

Type 0: names of individuals 
Type 1: predicates of individuals 
Type 2: predicates of type-1 predicates (and individuals) 
Type 3: predicates of things that are type 0–2. 
Type 4: predicates of things that are type 0–3. 
etc. 

A general principle of our language: 
Any sentence in which a predicate F is predicated of 
something x is meaningful only if the type of x is lesser 
than the type of F.



0 = the extension of the concept: is 
equinumerous with the concept: is 
not self-identical 

0 = {s : s is equinumerous with {x : x≠x}}

TYPE 2 
SET OF (AT-MOST) TYPE-1 SETS

TYPE 1 
SET OF THINGS 

(IN THIS CASE, EMPTY)



1 = the extension of the concept: is 
equinumerous with the concept: is identical 
to 0 

1 = {s : s is equinumerous with 0} 

1 = {s : s is equinumerous with {{x : x≠x}} }

TYPE 1 
SET OF THINGS

TYPE 2 
SET OF (AT-MOST) TYPE-1 SETS

TYPE 3 
SET OF (AT-MOST) TYPE-2 SETS



2 = the extension of the concept: is 
equinumerous with the concept: is identical 
to 0 or is identical to 1 

2 = {s : s is equinumerous with {x : x=0 ∨ x=1}} 

2 = {s : s is equinumerous with {0, 1}

TYPE 3 
SET OF (AT-MOST) TYPE-2 SETS

TYPE 4 
SET OF (AT-MOST) TYPE-3 SETS

TYPE 5 
SET OF (AT-MOST) TYPE-4 SETS



TYPE 2: 
(SETS OF SETS OF THINGS)

TYPE 3: 
(SETS OF SETS OF  
SETS OF THINGS)

…

…

…
NUMBERS OF DIFFERENT TYPES



THE AXIOM OF INFINITY 
Roughly: There are an infinite number of (type-0) 
individuals.



THE AXIOM OF REDUCIBILITY 
“Thus a predicative function of an individual is a first-order 
function; and for higher types of arguments, predicative 
functions take the place that first-order functions take in 
respect of individuals. We assume then, that every function 
is equivalent, for all its values, to some predicative function 
of the same argument. This assumption seems to be the 
essence of the usual assumption of classes [modern sets] . . . 
we will call this assumption the axiom of classes, or the 
axiom of reducibility.”



DO NUMBERS EXIST? 
Frege: “Yes! I am a Platonist.” 
Russell: “Sort of not. They’re logical fictions.” 
Carnap: “This question is ambiguous.”



the linguistic 
framework of 

things

Are there unicorns?

Are there electrons?

Are there physical objects?

Is there a present king of France?{Internal Questions 

•are framework-relative 
•are cognitive (factual) 

•should be answered  
empirically, according 
to framework-internal 
rules, which are analytic 
definitions

External questions 

•are framework-
independent 

•are non-cognitive  
(non-factual) 

•must be answered 
pragmatically, not 
empirically

Are there physical objects? 
(i.e., should we adopt this  

linguistic framework?)
{Carnap (1950): 

Empiricism, Semantics, and Ontology


